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Abstract
We construct a covariant functor from a category of Abelian pri cipal bundles over globally hyper-
bolic spacetimes to a category of∗-algebras that describes quantized principal connections. We work
within an appropriate differential geometric setting by using the bundle of connections and we study
the full gauge group, namely the group of vertical principalbundle automorphisms. Properties of our
functor are investigated in detail and, similar to earlier wo ks, it is found that due to topological obstruc-
tions the locality property of locally covariant quantum field theory is violated. Furthermore, we prove
that, for Abelian structure groups containing a nontrivialcompact factor, the gauge invariant Borchers-
Uhlmann algebra of the vector dual of the bundle of connections s not separating on gauge equivalence
classes of principal connections. We introduce a topological generalization of the concept of locally
covariant quantum fields. As examples, we construct for the cat gory of principalU(1)-bundles two
natural transformations from singular homology functors tthe quantum field theory functor that can
be interpreted as the Chern class and the electric charge. Inthis case we also prove that the electric
charges can be consistently set to zero, which yields another quantum field theory functor that satisfies
all axioms of locally covariant quantum field theory.
Keywords: locally covariant quantum field theory, quantum field theoryn curved spacetimes, gauge
theory on principal bundles
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1 Introduction
The algebraic theory of quantum fields on Lorentzian manifolds has made tremendous developments since
the introduction of the principle of general local covariance by Brunetti, Fredenhagen and Verch [BFV03],
see also [FV12]. Mathematically, this principle states that any reasonable quantum field theory has to be
formulated by a covariant functor from a category of globally hyperbolic Lorentzian manifolds (space-
times) to a category of unital(C)∗-algebras, subject to certain physical conditions. Many examples of
linear quantum field theories satisfying the axioms of locally covariant quantum field theory have been
constructed in the literature, see e.g. [BGP07, BG11, BDH13] and references therein. The mathemati-
cal tool used in these constructions is the theory of Green-hyperbolic operators on vector bundles over
spacetimes together with theCCR andCAR quantization functors. In our previous work [BDS12] we
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have generalized these constructions to classes of operators on affine bundles over spacetimes. In addition
to these exactly tractable models, the techniques of locally ovariant quantum field theory are essential
for the perturbative construction of interacting quantum field theories, see for example [BDF09], and the
generalization of the spin-statistics theorem from Minkowski spacetime to general spacetimes [Ver01].
One of the weak points of the current status of algebraic quantum field theory is our incomplete un-
derstanding of the formulation of gauge theories. Even thoug there exist important results on the quan-
tization of electromagnetism [Dim92, Pfe09, DL12, DS13, SDH12], linearized general relativity [FH12]
and generic linear gauge theories [HS13], as well as on the perturbative quantization of interacting gauge
theories [Hol08, FR13], there are still open problems that deserve a detailed study. In particular, there is up
to now no satisfactory formulation of quantized electromagnetism for the following two reasons: Firstly,
applying canonical quantization techniques it has been foud that electromagnetism violates the locality
axiom of locally covariant quantum field theory. This has been shown for the field strength algebra in
[DL12] and for the vector potential algebra in [SDH12]. The latter reference also gives an interpretation
of this feature in terms of Gauss’ law. Already in the earlierinvestigations on Maxwell’s equations on flat
spacetimes [Str67, Str70, Bon76], the existence of non local features has been recognized asthe source
of major issues in the quantization procedure, mostly yielding obstructions to the construction of positive
algebraic states. Secondly, the differential geometric developments over the past decades indicate that
the natural language for formulating gauge theories of Yang-Mills type is that of principal connections
on principalG-bundles, which includes electromagnetism by choosingG = U(1). Taking into account
the principal bundle structure has far reaching consequences for the very principle of general local covari-
ance: Since principal connections can not be associated to spacetimes, but only to principal bundles over
spacetimes, the category of spacetimes in [BFV03] should be replaced by a category of principal bundles
over spacetimes. This notion of general local covariance for gauge theories of Yang-Mills type appeared
recently in the discussion of the locally covariant chargedDirac field [Zah12], where however the principal
connections were assumed to be non-dynamical background fields. Besides this new notion of general lo-
cal covariance in gauge theories of Yang-Mills type, the classical configuration space is different to the one
used in previous works: The set of principal connections does not carry a vector space structure, but it is an
affine space over the vector space of gauge potentials. The vector space structure employed in the works
[Dim92, Pfe09, DS13, SDH12] comes from a (necessarily non-unique) fixing of some reference connec-
tion, which is unnatural in differential geometry and leadsto the unnecessary question of independence of
the theory on this choice [Hol08].
We outline the structure of our paper: In Section2 we fix the notations and review some aspects of
the theory of principal bundles and principal connections.This material is essentially well-known in the
differential geometry literature, but we require some details hat go beyond standard textbook presentations
and hence are worth for being discussed. In particular, we need a full-fledged study of the bundle of
connections [Ati57] together with the action of principal bundle morphisms andthe gauge group (the group
of vertical principal bundle automorphisms) defined on it. Sections of the bundle of connections, that is
an affine bundle over the base space, are in bijective correspondence with principal connection forms on
the total space, but they have the advantage of being fields onthe base space and not on the total space.
This has far reaching consequences when one studies dynamical equations of connections and causality
properties, since the total space is not equipped with a Lorentzian metric.
In Section3 we associate to any Abelian principal bundle a gauge invariant phase space for its principal
connections by extending ideas from [BDS12] and [HS13]. Our notion of gauge invariance is dictated
by the principal bundle and in the general case differs from the one employed in [Dim92, Pfe09, DS13,
SDH12]. The phase space is not symplectic, but only a presymplectic vector space, whose radical contains
topological information to be discussed in Section6.
We characterize explicitly the gauge invariant phase spaceand its radical in Section4 by using tech-
niques from cohomology. This leads to two interesting observations: Firstly, the gauge invariant phase
space and its radical for theories with a compact Abelian structu e group exhibit a different structure with
respect to their counterparts with a non-compact Abelian structure group. Secondly, if the Abelian struc-
ture group contains a compact factor, then the gauge invariant phase space is not separating on gauge
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equivalence classes of principal connections. In particular, gauge inequivalent flat connections can not be
resolved. The reason for this feature is that our gauge invariant phase space consists of affine functionals,
but for Abelian structure groups with compact factors the set of gauge equivalence classes of principal con-
nections is in general no longer an affine space. This shows that in these cases the standard phase space of
affine functionals introduced in [BDS12] has to be extended in order to be separating. Natural candidtes
for this extension are Wilson loops, which are however too singular for a straightforward description in
algebraic quantum field theory. We will come back to this issue in future investigations.
The results above are combined in Section5 to construct a covariant functor from a category of Abelian
principal bundles over spacetimes to a category of presymplectic vector spaces. Composing this functor
with the usualCCR-functor we obtain a quantum field theory functor that satisfies the causality property
and the time-slice axiom. However, the locality property of[BFV03] is violated, confirming that the results
of [DL12, SDH12] also hold true in our principal bundle geometric approach.T is result was not obvious
from the beginning, since our concept of morphisms and configuration space is different from the ones in
earlier investigations.
In Section6 we extend the concept of a locally covariant quantum field developed in [BFV03] to what
we call a ‘generally covariant topological quantum field’. By this we mean a natural transformation from a
functor describing topological information to the quantumfield theory functor. For the category of princi-
palU(1)-bundles we provide two explicit examples where the functordescribing topological information is
a singular homology functor. The natural transformations are then the coherent association of observables
that measure the Chern class of the principal bundle and the electric charge, that is a certain cohomology
class.
Following the electric charge interpretation of the previous section (see also [SDH12] for an earlier
account) we show in Section7 that the electric charges can be consistently set to zero. This is physically
motivated since in pure electromagnetism, without the presence of charged fields, there cannot be electric
charges. The resulting quantum field theory functor then satisfies in addition to the causality property and
the time-slice axiom also the locality property. With this we succeed in constructing a locally covariant
quantum field theory.
2 Geometric preliminaries
In this work all manifolds areC∞, Hausdorff and second-countable. Unless stated otherwise, all maps
between manifolds areC∞. Furthermore, we assume that all manifolds are of finite-type, i.e. they possess
a finite good cover. This is a sufficient, however not necessary, condition for finite dimensional cohomol-
ogy groups and the validity of Poincaré duality, see e.g. [BT82, Chapter I,§5]. Poincaré duality will be
frequently used in our work.
2.1 Spacetimes
We briefly review some standard notions of Lorentzian geometry, see [BGP07, BG11, Wal12] for a more
detailed discussion.
A Lorentzian manifold is a triple (M, o, g), whereM is a manifold,o is an orientation onM and
g is a Lorentzian metric onM of signature(−,+, . . . ,+). The orientation is necessary to construct a
Hodge operator. Given also a time-orientationt on a Lorentzian manifold(M, o, g), we call the quadruple
(M, o, g, t) a spacetime. Let (M, o, g, t) be a spacetime andS ⊆ M be a subset. We denote thecausal
future/past of S in M by J±M (S). Furthermore,JM (S) := J
+
M (S) ∪ J
−
M (S). The subsetS ⊆ M is
calledcausally compatible, if J±S ({x}) = J
±
M ({x})∩S, for all x ∈ S. A Cauchy surfacein a spacetime
(M, o, g, t) is a subsetΣ ⊆M , which is met exactly once by every inextensible timelike curve. A spacetime
(M, o, g, t) is calledglobally hyperbolic, if it contains a Cauchy surface.
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2.2 Principal bundles
We briefly review standard notions of principal bundles and refer to the textbooks [KN96, Bau09] for more
details.
Definition 2.1. LetM be a manifold andG a Lie group. Aprincipal G-bundle overM is a pair(P, r),
whereP is a manifold andr : P ×G→ P , (p, g) 7→ rg(p) =: p g is a smooth rightG-action, such that
(i) the rightG-actionr is free,
(ii) M = P/G is the quotient of theG-actionr and the canonical projectionπ : P →M is smooth,
(iii) P is locally trivial, that is, there exists for everyx ∈ M an open neighborhoodU ⊆ M and a
diffeomorphismψ : π−1[U ] → U ×G, which isG-equivariant, i.e., for allp ∈ π−1[U ] andg ∈ G,
ψ(p g) = ψ(p) g, and fibre preserving, i.e.pr1◦ψ = π. The rightG-action onU×G is the following:
For all x ∈ U andg, g′ ∈ G, (x, g) g′ := (x, g g′) andpr1 : U × G → U denotes the canonical
projection on the first factor.
We callP the total space, M thebase space, G thestructure group andπ theprojection.
Definition 2.2. LetG be a Lie group. Fori = 1, 2, letMi be a manifold and(Pi, ri) a principalG-bundle
overMi. A principal G-bundle map is aG-equivariant mapf : P1 → P2, i.e., for allp ∈ P1 andg ∈ G,
f(p g) = f(p) g.
Remark 2.3. Notice that for any principalG-bundle mapf : P1 → P2 there exists a unique smooth map












We can now define a suitable category of principal bundles over globally hyperbolic spacetimes.
Definition 2.4. Let G be a Lie group. The categoryG−PrBuGlobHyp consists of the following objects
and morphisms:
• An object is a tupleΞ =
(
(M, o, g, t), (P, r)
)
, where(M, o, g, t) is a globally hyperbolic spacetime
and(P, r) is a principalG-bundle overM .
• A morphismf : Ξ1 → Ξ2 is a principalG-bundle mapf : P1 → P2, such thatf : M1 → M2
is an orientation and time-orientation preserving isometric embedding withf [M1] ⊆ M2 causally
compatible and open.
Given any smooth leftG-actionρ : G × N → N , (g, ξ) 7→ g ξ on a manifoldN we can construct a
covariant functor fromG−PrBuGlobHyp to the category of fibre bundles over globally hyperbolic space-
times. This is the well-known associated bundle construction. IfN is further a vector space andρ a linear
representation we obtain a covariant functorρ : G−PrBuGlobHyp → VeBuGlobHyp, where the latter
category is defined as follows:
Definition 2.5. The categoryVeBuGlobHyp consists of the following objects and morphisms:
• An object is a pairV =
(
(M, o, g, t), (V,M, πV , V )
)
, where(M, o, g, t) is a globally hyperbolic
spacetime and(V,M, πV, V ) is a vector bundle overM .
• A morphismV1 → V2 is a vector bundle map
(
f : V1 → V2, f : M1 → M2
)
, such thatf |x :
V1|x → V2|f(x) is a vector space isomorphism, for allx ∈ M1, andf : M1 →M2 is an orientation
and time-orientation preserving isometric embedding withf [M1] ⊆ M2 causally compatible and
open.
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Of particular relevance for us is theadjoint bundle. Explicitly, it is the following covariant functor
ad : G−PrBuGlobHyp → VeBuGlobHyp: To any objectΞ =
(
(M, o, g, t), (P, r)
)
we associatead(Ξ) =(
(M, o, g, t), (P ×ad g,M, πad, g)
)
, whereg is the Lie algebra ofG, P ×ad g := (P × g)/G is the
quotient by the rightG-actionP × g×G→ P × g , (p, ξ, g) 7→ (p g, adg−1(ξ)) andπad denotes the map
obtained from the projectionP × g → P via the quotient. To any morphismf : Ξ1 → Ξ2 we associate
ad(f) : ad(Ξ1) → ad(Ξ2), which is the vector bundle map (coveringf :M1 →M2) given by
ad(f) : P1 ×ad g → P2 ×ad g , [p, ξ] 7→ [f(p), ξ] . (2.2)
We review the following well-known
Lemma 2.6. LetM be a manifold,G an Abelian Lie group and(P, r) a principalG-bundle overM . Then
P ×ad g =M × g, i.e. the adjoint bundle is trivial.
Proof. SinceG is Abelian the adjoint action is trivial, i.e.P×adg = (P×g)/G = P/G×g =M×g.
2.3 Principal connections
Connections on principal bundles constitute the fundamental degrees of freedom in gauge theories of Yang-
Mills type. In this subsection we will review the relevant definitions and properties following [KN96,
Bau09].
Definition 2.7. LetM be a manifold,G a Lie group and(P, r) a principalG-bundle overM . A connection
form on (P, r) is ag-valued one-formω ∈ Ω1(P, g) satisfying the following two conditions:
(i) ω(Xξp) = ξ, for all ξ ∈ g andp ∈ P , whereX
ξ
p ∈ TpP is the fundamental vector atp corresponding
to ξ.
(ii) r∗g(ω) = adg−1(ω), for all g ∈ G.
We denote the set of all connection forms byCon(P ).
Remark 2.8. Due to [KN96, Chapter II, Theorem 2.1] there exists a connection form, i.e.Con(P ) 6= ∅.
Definition 2.9. LetΩk(P, g) be the vector space ofg-valuedk-forms,k = 0, . . . ,dim(P ).
a) We callη ∈ Ωk(P, g) G-equivariant, if r∗g(η) = adg−1(η), for all g ∈ G.
b) We callη ∈ Ωk(P, g) horizontal, if η(Y1, . . . , Yk) = 0 whenever at least oneYi ∈ TpP is vertical,
i.e.π∗(Yi) = 0.
The vector space ofG-equivariant and horizontalg-valuedk-forms is denoted byΩkhor(P, g)
eqv.
According to [KN96, Chapter II, Section 5], see also [Bau09, Satz 3.5], we have the following
Proposition 2.10. LetM be a manifold,G a Lie group and(P, r) a principalG-bundle overM . Then, for
all k = 0, . . . ,dim(M), the vector spaceΩkhor(P, g)
eqv is isomorphic to the vector space ofP×adg-valued
k-forms onM , Ωk(M,P ×ad g).
Remark 2.11. LetG be an Abelian Lie group. Due to Lemma2.6we haveP ×ad g = M × g and hence
Ωk(M,P ×ad g) = Ω
k(M, g), for all k = 0, . . . ,dim(M). In this case the isomorphism of Proposition
2.10is given by the pull-back mapπ∗ : Ωk(M, g) → Ωkhor(P, g)
eqv. We shall denote in the following the
inverse of this map simply by an underline, i.e. for allη ∈ Ωkhor(P, g)
eqv, η := π∗−1(η) ∈ Ωk(M, g).
There is a canonical action of the Abelian groupΩ1hor(P, g)
eqv onCon(P ),
Con(P )× Ω1hor(P, g)
eqv → Con(P ) , (ω, η) 7→ ω + η . (2.3)
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This action is free and transitive, thusCon(P ) is an affine space overΩ1hor(P, g)
eqv and, due to Proposition
2.10, also overΩ1(M,P ×ad g). For any Abelian Lie groupG, Con(P ) is an affine space overΩ1(M, g).
In category theoretical terms, the above construction implies that there exists a contravariant functor
Con : G−PrBuGlobHyp → Aff, whereAff is the category of (not necessarily finite dimensional) affine
spaces. To any objectΞ the functor associates the affine spaceCon(P ) modeled onΩ1(M,P ×ad g).
To a morphismf : Ξ1 → Ξ2 the functor associates the affine map given by restricting the pull-back
f∗ : Ω1(P2, g) → Ω
1(P1, g).
Definition 2.12. Let M be a manifold,G a Lie group and(P, r) a principalG-bundle overM . The
curvature is the following map
F : Con(P ) → Ω2hor(P, g)
eqv , ω 7→ F(ω) = dω +
1
2
[ω, ω]g , (2.4)
whered is the exterior differential and[·, ·]g denotes the Lie bracket ong.
Remark 2.13. Let G be an Abelian Lie group. Since in this case the Lie bracket[·, ·]g is trivial, the
curvature readsF(ω) = dω, for all ω ∈ Con(P ). Furthermore, applying Remark2.11we can consider
equivalently the curvature as a map
F : Con(P ) → Ω2(M, g) , ω 7→ F(ω) = F(ω) = dω . (2.5)
As a consequence of the (Abelian) Bianchi identitydF(ω) = ddω = 0, for all ω ∈ Con(P ), we obtain
thatF(ω) ∈ Ω2d(M, g) is closed, for allω ∈ Con(P ).
The next statement is valid only for Abelian Lie groups. It implies that Abelian Yang-Mills theories
are not self-interacting and hence it simplifies drastically our construction of the associated quantum field
theory.
Lemma 2.14. LetM be a manifold,G an Abelian Lie group and(P, r) a principalG-bundle overM . The
mapF : Con(P ) → Ω2(M, g) is an affine map with linear partFV : Ω
1(M, g) → Ω2(M, g) , η 7→ dη.
Proof. Let ω ∈ Con(P ) andη ∈ Ω1(M, g), thenF(ω + π∗(η)) = dω + dπ∗(η) = F(ω) + π∗(dη) =
F(ω) + dη.
Rephrasing this statement in the language of category theory, we obtain the following important insight:
For an Abelian Lie groupG, the curvature is a natural transformationF : Con ⇒ Ω2base, whereΩ
2
base :
G−PrBuGlobHyp → Aff is the contravariant functor associating to any objectΞ the g-valued2-forms
on the base spaceΩ2(M, g) (regarded as an affine space) and to a morphismf : Ξ1 → Ξ2 the pull-back
f∗ : Ω2(M2, g) → Ω
2(M1, g).
2.4 The Atiyah sequence
We briefly review the Atiyah sequence [Ati57] using a category theoretical language. Consider the follow-
ing covariant functors fromG−PrBuGlobHyp to VeBuGlobHyp:
1. adjoint bundle functorad, given at the end of Section2.2.
2. base space tangent bundle functorTbase, with Tbase(Ξ) :=
(







: TM1 → TM2, f :M1 →M2
)
.
3. quotient of the total space tangent bundle functorTtotal/G, withTtotal/G(Ξ) :=
(
(M, o, g, t), (TP/G,





f∗ : TP1/G→ TP2/G, f :M1 →M2
)
.
4. trivial associated bundle functorρ0, with ρ0(Ξ) :=
(









For the following construction let us compose the four covariant functors above with the forgetful functor
which forgets the fibre-wise invertibility of the morphismsin the categoryVeBuGlobHyp. For keeping the
notation as simple as possible we do not introduce a new symbol for the latter category and just remember
this convention for the rest of this subsection. Then there exists a sequence of natural transformations
ρ0 +3 ad +3 Ttotal/G +3 Tbase +3 ρ0 . (2.6)
Explicitly, for every objectΞ =
(
(M, o, g, t), (P, r)
)
in G−PrBuGlobHyp, there exists a sequence of
vector bundle maps (coveringidM ), called theAtiyah sequence,
M × {0}
α






//M × {0} , (2.7)
whereα(x, 0) = [p, 0], with p ∈ π−1[{x}] arbitrary, ι([p, ξ]) = [Xξp ], π∗([Y ]) = π∗(Y ) andβ(X) =
(πTM (X), 0). The following statement is proven in [Ati57].
Proposition 2.15. The Atiyah sequence (2.7) is a short exact sequence.
2.5 The bundle of connections
A vector bundle mapλ : TM → TP/G covering the identityidM : M → M is called asplitting of the
Atiyah sequence(2.7), if π∗ ◦ λ = idTM . The set of splittings of the Atiyah sequence can be modeled
by a subbundle of the homomorphism bundleHom(TM,TP/G), called thebundle of connections. For
later convenience we use once more a category theoretical language to describe this subbundle.
As a first step, we address the construction of covariant functors describing homomorphism bun-
dles. LetF,G : G−PrBuGlobHyp → VeBuGlobHyp be two covariant functors. Using the fact that
all morphisms inVeBuGlobHyp are fibre-wise invertible we can construct a covariant functor HomF,G :
G−PrBuGlobHyp → VeBuGlobHyp as follows: For any objectΞ we set
HomF,G(Ξ) :=
(






where, with a slight abuse of notation, we denoted the total sp ce of the vector bundle contained in the
objectF(Ξ) also asF(Ξ). To any morphismf : Ξ1 → Ξ2 we associate the following vector bundle map
(coveringf :M1 →M2)
HomF,G(f) : Hom(F(Ξ1),G(Ξ1)) → Hom(F(Ξ2),G(Ξ2)) , L 7→ G(f) ◦ L ◦ F(f)
−1 . (2.9)
We are going to interpret the splitting condition in terms ofa suitable natural transformation. As in Sec-
tion 2.4, in the construction of the natural transformation, we are dropping the condition according to which
the morphisms inVeBuGlobHyp are fibre-wise invertible. With the natural transformationTtotal/G ⇒
Tbase introduced in (2.6) we construct a natural transformationHomTbase,Ttotal/G ⇒ HomTbase,Tbase by
setting, for any objectΞ in G−PrBuGlobHyp,
lπ∗ : Hom(TM,TP/G) → Hom(TM,TM) , λ 7→ π∗ ◦ λ . (2.10)
We induce on the submanifoldC(Ξ) := l−1π∗ (idTM ) the structure of a subbundle ofHom(TM,TP/G).
We denote this subbundle by(C(Ξ),M, πC(Ξ), A
dim(M)×dim(g)), whereAdim(M)×dim(g) is the unique (up to
isomorphism) affine space modeled onRdim(M)×dim(g). As a consequence of Proposition2.15, (C(Ξ),M, πC(Ξ), A
dim(M)×
is an affine bundle modeled on the homomorphism bundleHom(TM,P ×ad g). Our definition of affine
bundles is the one of [KMS93, Chapter 6.22] and [BDS12, Definition 2.11]. Furthermore, since (2.10) is a
natural transformation, the bundle of connections can be seen as a covariant functorC : G−PrBuGlobHyp →
AfBuGlobHyp, where the latter category is defined as follows:
Definition 2.16. The categoryAfBuGlobHyp consists of the following objects and morphisms:
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• An object is a tripleA =
(
(M, o, g, t), (A,M, πA , A), (V,M, πV , V )
)
, where(M, o, g, t) is a glob-
ally hyperbolic spacetime and(A,M, πA, A) is an affine bundle overM modeled on the vector
bundle(V,M, πV, V ).
• A morphismA1 → A2 is a fibre bundle map
(
f : A1 → A2, f :M1 →M2
)
, such thatf |x : A1|x →
A2|f(x) is an affine space isomorphism, for allx ∈ M1, andf : M1 → M2 is an orientation and
time-orientation preserving isometric embedding withf [M1] ⊆M2 causally compatible and open.
Remark 2.17. Every morphism(f, f) in AfBuGlobHyp determines a unique vector bundle map between
the underlying vector bundles (that is a morphism inVeBuGlobHyp) by taking fibre-wise the linear part.
We call this vector bundle map with a slight abuse of notationhe linear part of(f, f) and denote it by
(fV , f).
2.6 Sections of the bundle of connections
The set of sectionsΓ∞(C(Ξ)) of the bundle of connections is an affine space modeled on the vector space
Γ∞(Hom(TM,P ×ad g)), cf. [BDS12, Lemma 2.20]. The latter is isomorphic to theP ×ad g-valued
one-forms onM , i.e.Ω1(M,P ×ad g). We follow the usual abuse of notation and denote byλ + η the
action ofη ∈ Ω1(M,P ×ad g) on λ ∈ Γ∞(C(Ξ)). In category theoretical terms, the above construction
is a contravariant functorΓ∞ ◦ C : G−PrBuGlobHyp → Aff. To any objectΞ the functor associates the
affine spaceΓ∞(C(Ξ)) modeled onΩ1(M,P ×ad g). To a morphismf : Ξ1 → Ξ2 the functor associates
the affine map
Γ∞(C(f)) : Γ∞(C(Ξ2)) → Γ
∞(C(Ξ1)) , λ 7→ C(f)
−1 ◦ λ ◦ f . (2.11)
This is exactly the pull-back of a sectionλ ∈ Γ∞(C(Ξ2)) to Γ∞(C(Ξ1)) via the affine bundle mapC(f).
With a slight abuse of notation we shall denote this pull-back lso simply byf∗(λ) := Γ∞(C(f))(λ).
We can define for any connection formω ∈ Con(P ) an elementλω ∈ Γ∞(C(Ξ)) by, for allX ∈ TM ,
λω(X) := [X
↑ω
p ]. The arrow symbol denotes the horizontal lift with respect to ω of X ∈ TM to an
arbitraryp ∈ π−1[{πTM (X)}]. For each objectΞ in G−PrBuGlobHyp this construction provides us with
a mapCon(P ) → Γ∞(C(Ξ)) , ω 7→ λω. Using the explicit expressions, the following statement descends
directly:
Proposition 2.18. The maps defined above yield a natural isomorphismCon ⇒ Γ∞ ◦ C.
Let nowG be an Abelian Lie group. Due to Lemma2.14(and the text below this lemma) the curva-
ture can be regarded as a natural transformationF : Con ⇒ Ω2base. Using the natural isomorphism of
Proposition2.18we obtain a natural transformation (denoted with a slight abuse of notation also by the
symbolF ) F : Γ∞ ◦C ⇒ Ω2base. Explicitly, we obtain for any objectΞ inG−PrBuGlobHyp an affine map
F : Γ∞(C(Ξ)) → Ω2(M, g) with linear partFV : Ω
1(M, g) → Ω2(M, g) , η 7→ −dη. (The minus sign
is part of the natural isomorphism of Proposition2.18.) According to [BDS12, Section 3] this is an affine
differential operator.
We conclude this section by studying gauge transformations.
Definition 2.19. LetM be a manifold,G a Lie group and(P, r) a principalG-bundle overM . A gauge
transformation is aG-equivariant diffeomorphismf : P → P , such thatf = idM . We denote byGau(P )
the group of all gauge transformations of(P, r).
Notice that wheneverΞ =
(
(M, o, g, t), (P, r)
)
is an object inG−PrBuGlobHyp, a gauge transforma-
tion f ∈ Gau(P ) is an automorphism in the same category.
Let nowG be an Abelian Lie group. Then the gauge groupGau(P ) is isomorphic to the group
C∞(M,G). This isomorphism is constructed as follows: Notice that for any f ∈ Gau(P ) there exists
a uniquef̃ ∈ C∞(P,G), such that, for allp ∈ P , f(p) = p f̃−1(p) (the use of the inverse is purely
conventional). Sincef is G-equivariant andG is Abelian the map̃f has to beG-invariant and hence it
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defines a unique element̂f ∈ C∞(M,G). A straightforward calculation shows that mapf 7→ f̂ is an
isomorphism of groups. The action of the gauge group on sections of the bundle of connections can be
derived from the general discussion of morphisms that we havgiven above and we obtain
Γ∞(C(Ξ)) × C∞(M,G) → Γ∞(C(Ξ)) , (λ, f̂) 7→ λ+ f̂∗(µG) , (2.12)
whereµG ∈ Ω1(G, g) is the Maurer-Cartan form. Notice that the gauge group acts in terms of affine maps
onΓ∞(C(Ξ)) and that the linear part of these maps is the identity.
3 The phase space for an object
Let G be an Abelian Lie group andΞ =
(
(M, o, g, t), (P, r)
)
an object inG−PrBuGlobHyp. Let C(Ξ)
be the associated bundle of connections andΓ∞(C(Ξ)) the affine space of sections. We denote the vector
dual bundle (see [BDS12, Definition 2.15]) byC(Ξ)† and byΓ∞0 (C(Ξ)
†) the vector space of compactly
supported sections. The aim of this section is to construct agauge invariant phase space for dynamical
principal connections onΞ.
The dynamics is governed by Maxwell’s equations, which are described in our setting by the affine
differential operator
MW := δ ◦ F : Γ∞(C(Ξ)) → Ω1(M, g) , λ 7→ MW(λ) = δF(λ) , (3.1)
whereδ is the codifferential andF is the curvature affine differential operator. The linear part of MW is
MWV : Ω
1(M, g) → Ω1(M, g) , η 7→ MWV (η) = δFV (η) = −δdη . (3.2)
Due to [BDS12, Theorem 3.5], the affine differential operatorMW is formally adjoinable to a differential
operatorMW∗ : Ω10(M, g
∗) → Γ∞0 (C(Ξ)
†), with g∗ denoting the vector space dual of the Lie algebra
g. Explicitly, MW∗ is determined (up to the ambiguities to be discussed below) by the condition, for all

















where∗ denotes the Hodge operator andvol the volume form. We will always suppress the duality pairing
betweeng∗ andg in order to simplify the notation.
As it is proven in [BDS12, Theorem 3.5], the formal adjoint differential operatorMW∗ : Ω10(M, g
∗) →
Γ∞0 (C(Ξ)
†) is not unique. Uniqueness is restored if we quotient out the trivial elements1
Triv :=
{
a1 ∈ Γ∞0 (C(Ξ)
†) : a ∈ C∞0 (M) satisfies
∫
M
vol a = 0
}
, (3.4)
i.e. if we consider the operatorMW∗ : Ω10(M, g
∗) → Γ∞0 (C(Ξ)
†)/Triv. By 1 ∈ Γ∞(C(Ξ)†) we de-
note the canonical section which associates to everyx ∈ M the constant affine map in the fibreC(Ξ)†|x
defined as1(λ) = 1 for eachλ ∈ C(Ξ)|x. In the following we shall use the convenient notation
Ekin := Γ∞0 (C(Ξ)
†)/Triv. The quotient byTriv does not affect the linear part ofMW∗(η): Indeed,
for all η ∈ Ω10(M, g































1By trivial we mean that the corresponding classical affine observables (3.6), i.e. functionals on the configuration space
Γ∞(C(Ξ)), vanish.
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implies that the linear part isMW∗(η)V = −δdη, for all η ∈ Ω10(M, g
∗).
The next step is to restrict to those elements inEkin that describe gauge invariant observables. It is
enlightening to introduce the vector space of classical affine observables{Oϕ : ϕ ∈ Ekin}, whereOϕ is
the functional on the configuration spaceΓ∞(C(Ξ)) defined by
Oϕ : Γ








Let f̂ ∈ C∞(M,G) ≃ Gau(P ) be an element in the gauge group. The gauge transformations on





= Oϕ(λ) for all λ ∈ Γ∞(C(Ξ)) andf̂ ∈ C∞(M,G), leads to the following condi-
tion for the linear partϕV ∈ Ω10(M, g





= 0 . (3.7)
This provides the motivation for the following vector subspace
E inv :=
{





= 0 , ∀f̂ ∈ C∞(M,G)
}
⊆ Ekin , (3.8)
which serves as a starting point to construct the phase space.
Lemma 3.1. a) For all ϕ ∈ E inv the linear partϕV ∈ Ω10(M, g
∗) is coclosed, i.e.δϕV = 0.
b) All ϕ ∈ Ekin satisfyingϕV = δη for someη ∈ Ω20(M, g
∗) are elements inE inv.
Proof. Proof of a): Letχ ∈ C∞(M, g) and consider the element of the gauge group specified byf̂χ :=
exp ◦χ ∈ C∞(M,G), whereexp : g → G denotes the exponential map. The pull-back of the Maurer-
Cartan form then readŝf∗χ(µG) = dχ. Let ϕ ∈ E
inv be arbitrary. Due to (3.8) the linear partϕV of ϕ







= 〈ϕV ,dχ〉 = 〈δϕV , χ〉 , (3.9)
which impliesδϕV = 0.

















= 0 , (3.10)
since the Maurer-Cartan form of Abelian Lie groups is closed.
Corollary 3.2. Let us define the vector spaces
Emin :=
{














Then the following inclusions of vector spaces hold true
Emin ⊆ E inv ⊆ Emax . (3.12)
Remark 3.3. This corollary provides us with a lower and upper bound on thevector spaceE inv. Notice that
in caseM has a trivial first de Rham cohomology groupH1dR(M, g) = {0} (which implies that the dual
cohomology group is trivialH10 dR∗(M, g
∗) := Ω10,δ(M, g
∗)/δΩ20(M, g
∗) = {0}), the lower and upper
bounds coincide, i.e.Emin = E inv = Emax. The explicit characterization ofE inv will be postponed to
Section4.
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The equation of motionMW(λ) = 0 is implemented at a dual level onE inv by considering the quotient





. To construct a presymplectic structure on this space let us
consider the Hodge-d’Alembert operators(k) := δ◦d+d◦δ : Ω
k(M, g∗) → Ωk(M, g∗), that are normally
hyperbolic operators. The corresponding unique retarded/a vanced Green’s operators are denoted byG±(k) :
Ωk0(M, g








Ωk(M, g∗). We notice the relations
(k) ◦ d = d ◦(k−1) , (k) ◦ δ = δ ◦(k+1) , (3.13a)
which, together with formal self-adjointness of(k), imply




(k) ◦ δ = δ ◦G
±
(k+1) . (3.13b)
Let us further assume that we are given a bi-invariant pseudo-Riemannian metrich on the Lie groupG.
This structure is equivalent to anad-invariant inner product (possibly indefinite) on the Lie algebrag and
hence a vector space isomorphism (denoted with a slight abuse of notation by the same symbol)h : g → g∗.
Notice that a metrich is necessary to specify a Lagrangian and hence a Poisson bracket, cf. Remark3.5.
We denote byh−1 : g∗ → g the inverse vector space isomorphism. Using also the pairing 〈 , 〉 we define










As a consequence of(k) being formally self-adjoint,G(k) turns out to be formally skew-adjoint with
respect to〈 , 〉h.
Proposition 3.4. LetG be an Abelian Lie group andh a bi-invariant pseudo-Riemannian metric onG.
Let furtherΞ =
(
(M, o, g, t), (P, r)
)






can be equipped with the presymplectic structure
τ : E × E → R , ([ϕ], [ψ]) 7→ τ([ϕ], [ψ]) =
〈




In other words,(E , τ) is a presymplectic vector space.
Proof. We have to prove thatτ is well-defined, i.e. that for everyϕ = MW∗(η), η ∈ Ω10(M, g
∗), we have〈





ψV , G(1)(ϕV )
〉
h
= 0 for the linear partsψV of all elementsψ ∈ E inv. Lemma
3.1implies thatδψV = 0. The first property holds true:
〈






























= 0 . (3.16)
The second property follows analogously, sinceG(1) is formally skew-adjoint with respect to〈 , 〉h. From
the latter property it also follows thatτ is antisymmetric.
Remark 3.5. The presymplectic structure (3.15) can be derived from a Lagrangian form by generalizing
the method of Peierls [Pei52] to gauge theories. This generalization has already been studied in [Mar93]
and it was put on mathematically solid grounds recently in [SDH12] for the vector potential ofU(1)-
connections. Since in our approach the configuration spaceΓ∞(C(Ξ)) is different, we have to adapt the








and its perturbation by an elementϕ ∈ E inv, i.e.Lϕ[λ] := L[λ] + volϕ(λ). Notice that a bi-invariant
metrich onG is required in order to define the Lagrangian. The Euler-Lagran e equation corresponding
to Lϕ is MW(λ) + h−1(ϕV ) = 0, whereϕV ∈ Ω10(M, g
∗) is the linear part ofϕ. Let us take any
λ ∈ Γ∞(C(Ξ)) satisfyingMW(λ) = 0. The goal is to construct the retarded/advanced effect ofϕ n
this solution. LetΣ± ⊂ M be two Cauchy surfaces (withΣ+ being in the future ofΣ−) such that










(this means thatϕV has support in the spacetime region betweenΣ+
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andΣ−). We are looking for aλ±ϕ ∈ Γ
∞(C(Ξ)) satisfying the equation of motionMW(λ±ϕ )+h
−1(ϕV ) = 0
andλ±ϕ |J∓M (Σ∓)
= (λ + f̂∗±(µG))|J∓M (Σ∓)
for somef̂± ∈ C∞(M,G). The latter condition states thatλ±ϕ
agrees up to a gauge transformation withλ in the past/future ofΣ∓. SinceΓ∞(C(Ξ)) is an affine space
overΩ1(M, g) we find a uniqueη±ϕ ∈ Ω
1(M, g) such thatλ±ϕ = λ+η
±













somef̂± ∈ C∞(M,G). By gauge equivalence, we can assume without loss of generality that η±ϕ satisfies
δη±ϕ = 0, and hence the equation of motion reads(1)(η
±
ϕ ) = h
−1(ϕV ). For the support condition
η±ϕ |J∓M (Σ∓)
= 0 (that is contained in the asymptotic condition above) the unique solution of this equation










. All solutions of the equation−δdη±ϕ +h
−1(ϕV ) = 0 subject








= 0, for somef̂± ∈ C∞(M,G), are obtained by





. Let nowψ ∈ E inv and consider the




























that this expression is well-defined sinceOψ is gauge invariant. We find that the presymplectic structure









(λ), which agrees with the idea of Peierls [Pei52].
We come to the characterization of the radicalN ⊆ E of the presymplectic structureτ . An element
[ψ] ∈ E is in N if and only if, for all [ϕ] ∈ E , τ([ϕ], [ψ]) = 0. In this section we will only provide a lower
and upper estimate for the vector spaceN . The explicit characterization will be content of Section4.
Lemma 3.6. a) Let[ψ] ∈ N be arbitrary. Then any representativeψ ∈ E inv is such thatψV = δα for
someα ∈ Ω20,d(M, g
∗).
b) Letψ ∈ E inv be such thatψV = δdγ with γ ∈ Ω1tc(M, g
∗) anddγ ∈ Ω20(M, g
∗). Then[ψ] ∈ N .
The subscripttc denotes forms of timelike compact support.
Proof. Proof of a): By hypothesis[ψ] satisfies, for all[ϕ] ∈ E ,
τ([ϕ], [ψ]) =
〈
ϕV , G(1)(ψV )
〉
h
= 0 . (3.17)













This implies thatG(2)(dψV ) = 0 and hence due to the fact thatG(2) is the causal propagator of a normally
hyperbolic operator we obtaindψV = (2)(α) for someα ∈ Ω
2
0(M, g
∗). Applying d to this equation
shows thatdα = 0, i.e.α ∈ Ω20,d(M, g
∗). Applying δ and using thatδψV = 0 (cf. Lemma3.1) we find
(1)(ψV ) = (1)(δα). This impliesψV = δα and completes the proof.




























= 0 . (3.19)




and in the last equality we used the identityδϕV = 0.
Corollary 3.7. Let us define the vector spaces
Nmin :=
{
ψ ∈ E inv : ψV ∈ δ
(
Ω20(M, g























Then the following inclusions of vector spaces hold true
Nmin ⊆ N ⊆ Nmax ⊆ E . (3.21)
Remark 3.8. The radicalN of the theory under consideration is in general different from that of affine
matter field theories, see [BDS12, Proposition 4.4]. Even though the constant affine observables [a1],
with a ∈ C∞0 (M), are contained inN , in general they do not exhaust all elements. The lower bound
on N , given in Corollary3.7, coincides with the radical obtained in [SDH12] (up to the constant affine
observables which are not present in this last mentioned paper, since it does not exploit the complete
geometric structure of the bundle of connections).
Remark 3.9. If M has compact Cauchy surfaces all elements inNmin have representatives with trivial
linear part. In general this last statement does not hold true, as the following example proves: Let us
consider the case in whichG = R (implying g∗ = R) andM is diffeomorphic toR2 × Sm−2, where
m ≥ 4 andSm−2 denotes them− 2-sphere (we suppress this diffeomorphism in the following). Any
Cauchy surfaceΣ ⊆ M is diffeomorphic toR × Sm−2. SinceH10dR(R) = R is nontrivial, we can find
an α ∈ Ω10,d(R) which is not exact. Let us introduce Cartesian coordinates( , x) on theR
2 factor of
M . We denote byαt ∈ Ω1d(M) the pull-back ofα along the projection to the time coordinatet and by
αx ∈ Ω
1
d(M) the pull-back ofα along the projection to the space coordinatex. We defineη := αt ∧ αx.
The support property ofα and the compatibility betweend and the pull-backs entail thatη ∈ Ω20,d(M).
Furthermore, sinceH1dR(M) = {0}, there exists aβ ∈ C
∞(M) such thatαx = −dβ, which implies
η = d(β αt), whereβ αt ∈ Ω1tc(M). We now show thatη /∈ dΩ
1
0(M): Let νSm−2 be the normalized
volume form onSm−2 and letpr : M → Sm−2 be the projection fromM to Sm−2. Notice that the
integral
∫






6= 0 does not vanish, sinceα is not exact. If there would exist a
γ ∈ Ω10(M), such thatη = dγ, then by Stokes’ theorem the integral would vanish, which isa contradiction.
Hence,η = d(β αt), with β αt ∈ Ω1tc(M), defines a nontrivial element inH
2
0 dR(M). Furthermore, for
the class inNmin defined byF∗(η) ∈ E inv there exists no representative with a trivial linear part: Indeed,
suppose that there existsγ ∈ Ω10(M) such thatF
∗(η)V = −δη = δdγ. Using thatη is closed and of
compact support, this equation entails−(2)(η) = (2)(dγ) which yields the contradictionη = −dγ,
since(2) is a normally hyperbolic operator.
4 Explicit characterization of E inv andN
So far we obtained only upper and lower bounds for the vector spacesE inv andN , see Corollary3.2 and
Corollary 3.7. The goal of this section is to provide an explicit characterization ofE inv andN whenG
is a connected Abelian Lie group. Due to [Ada69, Theorem 2.19] the latter assumption entails thatG is
isomorphic toTk × Rl, for somek, l ∈ N0.
For this endeavor we have to understand more explicitly how the gauge groupGau(P ) ≃ C∞(M,G)
acts onΓ∞(C(Ξ)). Let us consider the homomorphism of Abelian groups
C∞(M,G) → Ω1(M, g) , f̂ 7→ f̂∗(µG) . (4.1)
Notice that the image of this homomorphism characterizes thaction of the gauge group onΓ∞(C(Ξ)).
Using that the Maurer-Cartan form of any Abelian Lie group isclosed, we obtain that the homomorphism
(4.1) maps to the closed one-formsΩ1d(M, g). Using further thatexp[C
∞(M, g)] is an Abelian subgroup
of C∞(M,G) and that the image ofexp[C∞(M, g)] under the group homomorphism (4.1) is dC∞(M, g),
we arrive at an injective Abelian group homomorphism
C∞(M,G)/ exp[C∞(M, g)] → H1dR(M, g) , [f̂ ] 7→ [f̂
∗(µG)] . (4.2)
We denote the image of this homomorphism byAG ⊆ H1dR(M, g). Notice that the Abelian groupAG
characterizes exactly the gauge transformations which arenot of exponential formexp ◦χ, for someχ ∈
C∞(M, g).
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Since any connected Abelian Lie groupG is isomorphic toTk × Rl, the mapf̂ ∈ C∞(M,G) is
given by ak + l-tuple of maps
(
f̂1, . . . , f̂k+l
)
, where f̂i ∈ C∞(M,T), for i = 1, . . . , k, and f̂i ∈









, whereiR is the
Lie algebra ofT andR is the Lie algebra ofR. Also the cohomology group splits into a direct sum




⊕l . The Abelian groupAG is thus given by a direct sum of





(remember that the direct product and direct sum of groups over a finite
index set yield the same group). In this way the problem of characterizingAG is reduced to the problem
of characterizingAT andAR.
Proposition 4.1. AR = {0}.
Proof. This is a consequence of the exponential mapexp : g → G being an isomorphism forG = R.
To characterizeAT we are using techniques from sheaf cohomology, see e.g. [Har11, Section 4]. Let
us denote byC∞M (−,H) the sheaf of smooth functions onM with values in an Abelian Lie groupH.
Explicitly, for any open subsetU ⊆ M the sheaf associates the Abelian groupC∞(U,H) of smooth
functions onU with values inH. In the following we shall require forH the choices2πiZ (regarded as
a zero-dimensional Lie group),iR (with group operation given by addition) andT (with group operation
given by multiplication). There is an exact sequence of sheaves
0 // C∞M (−, 2πiZ)
ι
// C∞M (−, iR)
exp
// C∞M (−,T)
// 0 , (4.3)
whereι is induced from the canonical injection2πiZ →֒ iR andexp is induced from the exponential
map iR → T. Remember that by definition a sequence of sheaves is called exact if and only if for
each pointx ∈ M the sequence of stalks is exact. In particular, this definitio does not require that
C∞(U, iR) → C∞(U,T) is surjective, for all open subsetsU ⊆ M , but only that this property holds for
sufficiently smallU . The obstruction to surjectivity of this group homomorphism for U = M is encoded
in the long exact sequence of sheaf cohomology. For the present case we are interested in the following
part of the aforementioned sequence:
· · · → C∞(M, iR) → C∞(M,T) → H1(M,C∞M (−, 2πiZ)) → H
1(M,C∞M (−, iR)) → · · · (4.4)
Notice that the sheafC∞M (−, iR) is soft (i.e. every real valued function defined on a closed subset ofM can
be extended toM ) and as a consequence the sheaf cohomology group vanishes, i.e.H1(M,C∞M (−, iR)) =
0. This implies that the group homomorphismC∞(M,T) → H1(M,C∞M (−, 2πiZ)) is surjective, hence
AT ≃ C
∞(M,T)/ exp[C∞(M, iR)] ≃ H1(M,C∞M (−, 2πiZ)). SinceM is a manifold, the sheaf coho-
mology groupH1(M,C∞M (−, 2πiZ)) is isomorphic to the first singular cohomology group as well as to
the firstČech cohomology group with coefficients in2πiZ. We simply use the symbolH1(M, 2πiZ) :=
H1(M,C∞M (−, 2πiZ)). In summary, we have the following
Proposition 4.2. AT ≃ H1(M, 2πiZ).
Corollary 4.3. AG ≃ H1(M, 2πiZ)⊕k .
We now provide an explicit characterization ofE inv. This is based on the following relation between
cohomology with real and integer coefficients:
H1(M, 2πiZ) ⊗Z R ≃ H
1(M, iR) . (4.5)
A proof of this result can be found in [Voi07, Chapter 7.1.1] under the assumption that the manifoldM is
of finite type, which is our case as specified at the beginning of Section2.
Theorem 4.4. LetG ≃ Tk×Rl be a connected Abelian Lie group andΞ =
(
(M, o, g, t), (P, r)
)
an object
in G−PrBuGlobHyp. Then the gauge invariant subspaceE inv (3.8) is
E inv =
{








Proof. By definition, E inv is the vector subspace ofEkin, such that the linear parts annihilate{f̂∗(µG) :
f̂ ∈ C∞(M,G)}. Due to Corollary3.2 we have thatE inv ⊆ Emax = {ϕ ∈ Ekin : ϕV ∈ Ω10,δ(M, g
∗)}
and hence we can pair the linear parts of elementsϕ ∈ E inv with cohomology classes[η] ∈ H1dR(M, g),
〈ϕV , [η]〉 =
∫
M ϕV ∧ ∗(η). The gauge invariance condition amounts to〈ϕV , AG〉 = {0}, for all ϕ ∈ E
inv,





= {0} . (4.7)
SinceH1dR(M, iR) ≃ H
1(M, iR) ≃ H1(M, 2πiZ)⊗ZR and since the map〈ϕV , 〉 : H1dR(M, iR) → R







= {0} . (4.8)
As a consequence of Poincaré duality,ϕV ∈ δΩ20(M, iR)
⊕k ⊕ Ω10,δ(M,R)
⊕l which completes the proof.
Remark 4.5. Notice that ifG ≃ Tk × Rl contains a nontrivial compact factor (i.e.k > 0), the vector
space of gauge invariant classical affine functionals{Oϕ : ϕ ∈ E inv} (cf. (3.6)) does not separate all gauge
equivalence classes of connections: Given two connectionsλ1, λ2 ∈ Γ∞(C(Ξ)) with the same curvature,




H1dR(M, g), but[η] 6∈ AG such thatλ1 andλ2 are not gauge equivalent (this exists e.g. forM ≃ R
m−1×T).
Then by (4.8) we obtain, for allϕ ∈ E inv, Oϕ(λ2) = Oϕ(λ1) + 〈ϕV , η〉 = Oϕ(λ1). The origin of this
pathology is the fact thatAG is only an Abelian group and not a vector space (cf. Corollary4.3). Performing
the quotient of the configuration spaceΓ∞(C(Ξ)) by the gauge transformations that are of exponential
form (that are all fork = 0) we obtain again an affine space. However, performing the quotient of the
resulting affine space by the Abelian groupAG we obtain no affine space anymore (compare this with the
quotientR/Z ≃ T). The gauge invariant classical affine functionals{Oϕ : ϕ ∈ E inv} do not take into
account the nontrivial topology of the quotient of the configuration space by the full gauge group. For this
reason one should enlarge the algebra of gauge invariant observables constructed in this paper to include
additional elements which can separate all gauge equivalence classes of connections. A natural candidate
are Wilson loops, but, being too singular objects localizedon curves, they cannot be added easily to the
present formalism used in algebraic quantum field theory. Wewill come back to this issue in our future
investigations.
To conclude this section we characterize the radicalN of the presymplectic vector space(E , τ) of
Proposition3.4.
Theorem 4.6. LetG ≃ Tk × Rl be a connected Abelian Lie group,h a bi-invariant pseudo-Riemannian
metric onG andΞ =
(
(M, o, g, t), (P, r)
)
an object inG−PrBuGlobHyp. Then the radicalN of (E , τ) is
N =
{















Proof. Let [ψ] be an element of the vector space on the right hand side of (4.9). Any representativeψ is
such thath−1(ψV ) = δη + δdζ for someη ∈ Ω20,d(M, iR)
⊕k andζ ∈ Ω1tc(M,R)
⊕l . By Theorem4.4any
ϕ ∈ E inv is such thatϕV = δα+β for someα ∈ Ω20(M, iR)
⊕k andβ ∈ Ω10,δ(M,R)































= 0 , (4.10)
hence the vector space on the right hand side of (4.9) is contained in the radicalN . To show that it is
equal to the radical letψ ∈ E inv be any element satisfying, for allϕ ∈ E inv, τ([ϕ], [ψ]) = 0. Using again
the decompositionϕV = δα + β for someα ∈ Ω20(M, iR)
⊕k andβ ∈ Ω10,δ(M,R)
⊕l , as well as the
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decompositionh−1(ψV ) = δη + δǫ, whereη ∈ Ω20,d(M, iR)
⊕k andǫ ∈ Ω20,d(M,R)
⊕l (which is possible
due to Corollary3.7), this condition yields













By (4.11) and Poincaré duality there exists aγ ∈ C∞(M,R)⊕l , such thatG(1)(δǫ) = dγ. Applying the
codifferential to this equation we find thatγ satisfies the wave equationδdγ = (0)(γ) = 0, hence by
[SDH12] there exists aθ ∈ C∞tc (M,R)
⊕l such thatγ = G(0)(θ). Plugging this into the equation above




d and using thatǫ is closed we obtainǫ = dζ, which shows that any element in the radical is contained in
the vector space on the right hand side of (4.9).
5 The phase space functor andCCR-quantization
In this section we show that the association of the presymplectic vector space(E , τ) in Proposition3.4 to
objectsΞ =
(
(M, o, g, t), (P, r)
)
in G−PrBuGlobHyp is functorial. We are going to construct a covariant
functorPhSp : G−PrBuGlobHyp → PreSymp, where the latter category is that of presymplectic vector
spaces with compatible morphisms, that are however not assumed to be injective (see the definition below).
We will then derive some important properties of the functor.
Definition 5.1. The categoryPreSymp consists of the following objects and morphisms:
• An object is a tuple(E , τ), whereE is a (possibly infinite dimensional) vector space overR and
τ : E × E → R is an antisymmetric bilinear map (a presymplectic structure).
• A morphism is a linear mapL : E1 → E2 (not necessarily injective), which preserves the presym-
plectic structures, i.e.τ2(L(v), L(w)) = τ1(v,w), for all v,w ∈ E1.
Before constructing the phase space functorPhSp we spell out two lemmas characterizing the com-
patibility of Maxwell’s affine differential operatorMW, the Hodge-d’Alembert operators(k) and their
Green’s operatorsG±(k) with morphisms inG−PrBuGlobHyp.
Lemma 5.2. LetG be an Abelian Lie group and letf : Ξ1 → Ξ2 be a morphism inG−PrBuGlobHyp.












wheref∗ := Γ∞(C(f)) is defined in (2.11) and f∗ is the usual pull-back along the induced mapf :
M1 → M2. More abstractly, this entails that the Maxwell operatorMW defines a natural transformation
Γ∞ ◦ C ⇒ Ω1base.
Proof. In Lemma2.14and the text below we have observed that the curvature mapsF can be regarded as
a natural transformationΓ∞ ◦ C ⇒ Ω2base. Explicitly, we have thatF1 ◦ f
∗ = f∗ ◦F2. Furthermore, using
that by hypothesisf : M1 → M2 is an isometric and orientation preserving embedding, we obtain for the
codifferentialsδ1 ◦ f
∗ = f∗ ◦ δ2. This implies thatMW1 ◦ f∗ = f
∗ ◦MW2 and shows the commutativity
of the diagram (5.1).
Lemma 5.3. LetG be an Abelian Lie group and letf : Ξ1 → Ξ2 be a morphism inG−PrBuGlobHyp.
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b) The Green’s operators satisfyG±
1 (k)






denotes the push-forward of
compactly supported forms alongf :M1 →M2.
Proof. The commutative diagram (5.2) is a consequence both of(k) = δ ◦ d + d ◦ δ and of the fact that
d andδ are natural transformations, i.e.d : Ωkbase ⇒ Ω
k+1










= η, for all η ∈ Ωk0(f [M1], g








= η, for all η ∈ Ωk0(M1, g
∗). Let us defineG̃±1 (k) := f
∗ ◦G±2 (k) ◦ f∗. We show that̃G
±
1 (k) are
retarded/advanced Green’s operators for1 (k) and thus by uniqueness it follows the claim̃G
±
1 (k) = G
±
1 (k).
Due to the diagram (5.2) and the above properties off
∗
andf∗ we obtain
1 (k) ◦ G̃
±
1 (k) = 1 (k) ◦ f
∗ ◦G±2 (k) ◦ f∗ = f
∗ ◦2 (k) ◦G
±




G̃±1 (k) ◦1 (k) = f
∗ ◦G±2 (k) ◦ f∗ ◦1 (k) = f
∗ ◦G±2 (k) ◦2 (k) ◦ f∗ = idΩk0 (M1,g∗)
. (5.3b)
Thus,G̃±1 (k) are Green’s operators for1 (k). They are retarded/advanced Green’s operators, since for all

















where in the second step we have used thatf [M1] ⊆M2 is by hypothesis causally compatible.
Definition 5.4. LetG be an Abelian Lie group and letf : Ξ1 → Ξ2 be a morphism inG−PrBuGlobHyp.
We define the linear mapf∗ : Ekin1 → E
kin
2 by, for allϕ ∈ E
kin
















Theorem 5.5. LetG be an Abelian Lie group andh a bi-invariant pseudo-Riemannian metric onG. Then
there exists a covariant functorPhSp : G−PrBuGlobHyp → PreSymp. It associates to any objectΞ
the presymplectic vector spacePhSp(Ξ) = (E , τ) which has been constructed in Proposition3.4. To a
morphismf : Ξ1 → Ξ2 the functor associates the morphism inPreSymp given by
PhSp(f) : PhSp(Ξ1) → PhSp(Ξ2) , [ϕ] 7→ [f∗(ϕ)] , (5.6)
where the linear mapf∗ is given in Definition5.4.
Proof. First, we show thatf∗ mapsE inv1 to E
inv
2 . For anyϕ ∈ E
inv
1 the linear part satisfiesf∗(ϕ)V =
f
∗
















= 0 , (5.7)
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which implies thatf∗(ϕ) ∈ E inv2 .





















































where in the second equality we have used Lemma5.2.
It remains to be shown that the linear mapPhSp(f) in (5.6) preserves the presymplectic structures.








































ϕV , G1 (1)(ψV )
〉
1, h
= τ1([ϕ], [ψ]) . (5.10)
In the third equality we have used Lemma5.3b).
Remark 5.6. The covariant functorPhSp : G−PrBuGlobHyp → PreSymp does not satisfy the local-
ity property stating that for any morphismf : Ξ1 → Ξ2 in G−PrBuGlobHyp the morphismPhSp(f)
is injective. We will show this failure first by using the simplest exampleG = U(1) ≃ T and we re-
fer to Section7 for a possible solution of this problem. LetΞ2 be an object inU(1)−PrBuGlobHyp
such that(M2, o2, g2, t2) is them-dimensional Minkowski spacetime (m ≥ 4). Let us denote byΞ1 the
object inU(1)−PrBuGlobHyp that is obtained by restricting all data ofΞ2 to the causally compatible
and globally hyperbolic open subsetM1 := M2 \ JM2({0}), where{0} is the set of a single point in
Minkowski spacetime (cf. [BGP07, Lemma A.5.11]). Notice thatM1 is diffeomorphic toR2 × Sm−2,
whereSm−2 is them−2-sphere. The canonical embedding (via the identity)f : Ξ1 → Ξ2 is a morphism
in U(1)−PrBuGlobHyp. Let us take any nonexact elementη ∈ Ω20,d(M1, g
∗), which exists, since per
Poincaré dualityHm−2dR (M1, g) ≃ H
2
0 dR(M1, g
∗) andHm−2dR (M1, g) ≃ g ≃ iR sinceM1 is homotopy






∈ PhSp(Ξ1) (this element is contained in the radicalN1, cf. Theorem4.6).































= 0 . (5.11)
In the third equality we have used thatf
∗
(η) ∈ Ω20,d(M2, g
∗) is exact sinceM2 is the Minkowski spacetime.
By Remark3.9 the same conclusion holds true forG = R and hence for genericG ≃ Tk × Rl.
Theorem 5.7.The covariant functorPhSp : G−PrBuGlobHyp → PreSymp satisfies the classical causal-
ity property:
Let fi : Ξi → Ξ3, i = 1, 2, be two morphisms inG−PrBuGlobHyp, such thatf1[M1] andf2[M2] are














= 0 . (5.12)























⊆ JM3(f2[M2]) are by hypoth-
esis disjoint.
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Theorem 5.8. The covariant functorPhSp : G−PrBuGlobHyp → PreSymp satisfies the classical time-
slice axiom:
Letf : Ξ1 → Ξ2 a morphism inG−PrBuGlobHyp, such thatf [M1] ⊆M2 contains a Cauchy surface
ofM2. Then
PhSp(f) : PhSp(Ξ1) → PhSp(Ξ2) (5.14)
is an isomorphism.
Proof. Let us defineΞ2|f [M1] :=
(
(f [M1], o2|f [M1], g2|f [M1], t2|f [M1]), (P2|f [M1], r2|f [M1])
)
, whereP2|f [M1]
denotes the restriction of the principalG-bundle(P2, r2) overM2 to f [M1] ⊆M2. Notice thatΞ2|f [M1] is
an object inG−PrBuGlobHyp and by definition of the morphisms in this category,f : Ξ1 → Ξ2|f [M1] is
an isomorphism. As a consequence of functoriality, we obtain an isomorphism inPreSymp
PhSp(f) : PhSp(Ξ1) → PhSp(Ξ2|f [M1]) . (5.15)
Hence, the proof would follow if we could show that the canonical mapPhSp(Ξ2|f [M1]) → PhSp(Ξ2),
[ϕ] 7→ [ϕ] is an isomorphism under the hypotheses of this theorem.
Let us first prove injectivity of the canonical map: Let[ϕ] ∈ PhSp(Ξ2|f [M1]) be such that when in-
terpreted via the canonical map as an element inPhSp(Ξ2) we have[ϕ] = 0. As a consequence,[ϕ] ∈
PhSp(Ξ2|f [M1]) has to be in the radicalN2|f [M1] and by Corollary3.7 there exists for any representative
ϕ anη ∈ Ω20,d(f [M1], g
∗) such thatϕV = δ2η. Notice that due to the quotient in Corollary3.7 the equiva-
lence class[ϕ] only depends on the cohomology class[η] ∈ H20dR(f [M1], g
∗). By a theorem of Bernal and
Sánchez [BS05] and by the hypothesis thatf [M1] contains a Cauchy surface ofM2 we have thatf [M1] and
M2 are homotopy equivalent (notice also thatdim(f [M1]) = dim(M2)). This entails that the inclusion
i : f [M1] → M2 induces an isomorphismi∗ between the corresponding de Rham cohomology groups.
In particular, for each[ω] ∈ Hdim(M2)−2dR (f [M1], g), there exists[ω
′] ∈ H
dim(M2)−2
dR (M2, g) such that
i∗([ω′]) = [ω]. We use this isomorphism to show that[η] ∈ H20 dR(f [M1], g
∗) is trivial. This fact follows
from Poincaré duality if the pairing between[η] ∈ H20dR(f [M1], g
∗) and any[ω] ∈ Hdim(M2)−2dR (f [M1], g)
gives zero. Such pairing is expressed in terms of the integral
∫
f [M1]
[η] ∧ [ω]. Using the argument above,
we can replace[ω] with i∗([ω′]) in the last formula and compute explicitly the integral withan arbitrary
choice of representatives. We obtain that
∫
f [M1]
[η] ∧ [ω] =
∫
f [M1]
η ∧ i∗(ω′) =
∫
M2
i∗(η) ∧ ω =
∫
M2
[η] ∧ [ω′] = 0 , (5.16)
where the last[η] is the trivial element ofH20 dR(M2, g
∗), since[ϕ] = 0 when regarded inPhSp(Ξ2) per
hypothesis. Thus, we can find a representativeϕ of the class[ϕ] ∈ PhSp(Ξ2|f [M1]) such thatϕV = 0,





vol2 a and thus[ϕ] = 0 in PhSp(Ξ2|f [M1]).
Next, we prove surjectivity of the canonical map: Let[ϕ] ∈ PhSp(Ξ2) be arbitrary and letϕ be any
representative. Per hypothesis, there exists a Cauchy surfaceΣ2 in M2 which is contained inf [M1]. Then
Σ1 := f
−1[Σ2] is a Cauchy surface inM1, sincef : M1 → f [M1] is an isometry. Let us choose two
other Cauchy surfacesΣ±1 with Σ
±
1 ∩ Σ1 = ∅ in the future/past ofΣ1 and let us denote byΣ
±
2 := f [Σ
±
1 ]
their images, which are Cauchy surfaces inM2 sincef [M1] is causally compatible. Letχ+ ∈ C∞(M2)
be any function such thatχ+ ≡ 1 on J+M2(Σ
+
2 ) andχ
+ ≡ 0 on J−M2(Σ
−
2 ). We defineχ
− ∈ C∞(M2) by
χ+ + χ− ≡ 1 onM2. Thenη := χ+G
−
(1)(ϕV ) + χ
−G+(1)(ϕV ) ∈ Ω
1
0(M2, g
∗) is of compact support and
the linear part ofϕ′ := ϕ+MW∗2(η), given byϕ
′
V = ϕV − δ2d2η, vanishes outside off [M1] (remember
that by Lemma3.1δ2ϕV = 0). The constant affine part ofϕ′ can be treated as in [BDS12, Theorem 5.6]
by adding a suitable element ofTriv2 to ϕ′, which leads to a representativeϕ′′ of the same class[ϕ] that
has compact support inf [M1]. The class[ϕ′′] ∈ PhSp(Ξ2|f [M1]) proves surjectivity of the canonical
map.
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We quantize our theory by using theCCR-functor, which we are going to briefly review to be self-
contained. Let us define the category∗Alg: An object is a unital∗-algebraA overC. A morphism is
a unital ∗-algebra homomorphismκ : A1 → A2 (not necessarily injective). TheCCR-functor is the
covariant functorCCR : PreSymp → ∗Alg which associates to any object(E , τ) the unital∗-algebra
CCR(E , τ) = T (E)/I(E , τ). T (E) is the complex tensor algebra overE andI(E , τ) is the two-sided
ideal generated by the elementsv ⊗C w − w ⊗C v − i τ(v,w)1, for all v,w ∈ E . To any morphism
L : (E1, τ1) → (E2, τ2) in PreSymp the functor associates the morphismCCR(L) in ∗Alg which is defined
on the tensor algebra byCCR(L)
(
v1 ⊗C · · · ⊗C vk
)
= L(v1) ⊗C · · · ⊗C L(vk), for all k ≥ 1 and
v1, . . . , vk ∈ E1. SinceL preserves the presymplectic structures, this unital∗- gebra homomorphism
canonically induces to the quotients.
Using the same arguments as in [BDS12, Theorem 6.3] it follows immediately from Theorem5.7and
Theorem5.8 the following
Theorem 5.9. The covariant functorA := CCR ◦PhSp : G−PrBuGlobHyp → ∗Alg satisfies:
(i) The quantum causality property:
Let fi : Ξi → Ξ3, i = 1, 2, be two morphisms inG−PrBuGlobHyp, such thatf1[M1] andf2[M2]








commute as subalgebras of
A(Ξ3).
(ii) The quantum time-slice axiom:
Let f : Ξ1 → Ξ2 a morphism inG−PrBuGlobHyp, such thatf [M1] ⊆ M2 contains a Cauchy
surface ofM2. Then
A(f) : A(Ξ1) → A(Ξ2) (5.17)
is an isomorphism.
6 Generally covariant topological quantum fields
According to [BFV03], a locally covariant quantum field is a natural transformation from a covariant
functor describing test sections to the covariant functorA. In this section we introduce the concept of
generally covariant topological quantum fields, that are natural transformations from a covariant functor
describing topological information to the functorA, and construct two examples which can be interpreted
as magnetic and electric charge. We have added the attribute‘gen rally covariant’ in ‘generally covariant
topological quantum field’ in order to distinguish it from the usual notion of topological quantum field
theory [Ati89]. To simplify the discussion, in this section we restrict ourselves to the caseG = U(1). We
define the categoryVec as follows: An object is a (possibly infinite dimensional) vector spaceV overR.
A morphism is a linear mapL : V1 → V2 (not necessarily injective).
ComposingA : U(1)−PrBuGlobHyp → ∗Alg with the forgetful functor from from∗Alg to Vec we
can considerA as a covariant functor fromU(1)−PrBuGlobHyp to Vec (with a slight abuse of notation
we denote this covariant functor again byA). The other covariant functors fromU(1)−PrBuGlobHyp to
Vec which enter our construction of generally covariant topological quantum fields are those of smooth
singular homology with coefficients in the real vector spaceg∗ = iR (since the smooth and continuous
singular homology are isomorphic, the smooth singular homol gy only contains topological information).
The covariant functorHp : U(1)−PrBuGlobHyp → Vec is defined as follows: To any objectΞ the functor
associates thep-th singular homology group of the base spaceHp(Ξ) = Hp(M, g∗). To a morphism
f : Ξ1 → Ξ2 the functor associates the push-forward ofp-simplices, i.e.










whereσj : ∆p → M arep-simplices andaj ∈ g∗ are coefficients. The singular cohomology is defined
by duality,H∗(M, g) := HomR(H∗(M, g∗),R). Furthermore, by de Rham’s theorem there exists a vector
space isomorphismJ : HpdR(M, g) → H
p(M, g) , [η] 7→ J ([η]), whereJ ([η]) is the linear functional on
Hp(M, g












σ∗j (η) , (6.2)
whereσ∗j is the pull-back ofσj : ∆
p → M and the duality pairing betweeng∗ and g is suppressed.




the subscriptdR∗ we denote the cohomology groups of the codifferentialδ) specified by, for all[σ] ∈
Hp(M, g
∗) and[η] ∈ HpdR(M, g),
〈K([σ]), [η]〉 = J ([η])([σ]) . (6.3)
The pairing〈 , 〉 : Hp0 dR∗(M, g
∗) ×HpdR(M, g) → R on the left hand side is that induced by the pairing
〈ζ, η〉 =
∫
M ζ ∧ ∗(η) of p-formsζ ∈ Ω
p
0(M, g
∗) andη ∈ Ωp(M, g).
We now can construct our first example of a generally covariant topological quantum field, which by
Remark6.2below should be interpreted as magnetic charge (Chern class).
Theorem 6.1. Consider the two covariant functorsH2,A : U(1)−PrBuGlobHyp → Vec. We associate to
any objectΞ the morphism inVec given by





whereF∗ : Ω20(M, g
∗) → Ekin is the formal adjoint of the curvature affine differential operator. The
collectionΨmag = {ΨmagΞ } is a natural transformation fromH2 to A.
Proof. The map (6.4) is well-defined due to the dual of the (Abelian) Bianchi identity d ◦ F = 0. Fur-
thermore, since any representative of the classK([σ]) is coclosed, the linear part ofF∗(K([σ])) vanishes.
Hence,F∗(K([σ])) ∈ E inv is a representative of an element in the radicalN and the image of (6.4) is
contained inE ⊆ A(Ξ).
Let f : Ξ1 → Ξ2 be a morphism inU(1)−PrBuGlobHyp. As a consequence ofF being a natural












This proves thatΨmag = {ΨmagΞ } is a natural transformation.
Remark 6.2. The interpretation of the natural transformationΨmag is as follows: When evaluated on any
λ ∈ Γ∞(C(Ξ)), the classical affine functional (3.6) corresponding toF∗(K([σ])) yields










Via this identification the elements in the image of the mapΨmagΞ determine the cohomology class[F(λ)] ∈
H2dR(M, g) and hence the Chern class of the principalU(1)-bundle. In physics[F(λ)] is called the mag-
netic charge. This is a purely topological information, which justifies our nomenclature: generally covari-
ant topological quantum field. AfterCCR-quantization, we should interpret the image of the map (6.4)
as magnetic charge observables, which can be assigned coherently to all objects inU(1)−PrBuGlobHyp,
sinceΨmag is a natural transformation. We note that the image of the map(6.4) lies in the center of the
algebraA(Ξ), hence magnetic charge observables are not subject to Heisenb rg’s uncertainty relation and
can be measured without quantum fluctuations.
21
Motivated by [SDH12] we will now construct a generally covariant topological quantum field, which,
on account of Remark6.4, should be interpreted as electric charge. For this we requia covariant functor




0 dR∗ (M, g
∗). This functor exists since the set of morphisms{f : Ξ1 → Ξ2} is only nonempty be-
tween objectsΞ1 andΞ2 whereM1 andM2 have the same dimension (cf. Definition2.4). We shall denote
this covariant functor byH−2 : U(1)−PrBuGlobHyp → Vec.
Theorem 6.3. Consider the two covariant functorsH−2,A : U(1)−PrBuGlobHyp → Vec. We associate
to any objectΞ the morphism inVec given by







The collectionΨel = {ΨelΞ} is a natural transformation fromH−2 to A.






yields the trivial class inE ⊆ A(Ξ). For anyη ∈ Ωdim(M)−20,δ (M, g















∈ E inv is a representative of an
element in the radicalN and the image of (6.7) is contained inE ⊆ A(Ξ).
Let f : Ξ1 → Ξ2 be a morphism inU(1)−PrBuGlobHyp. Using that the Hodge operator is a natural













This proves thatΨel = {ΨelΞ} is a natural transformation.
Remark 6.4. Following Remark6.2 we can interpretΨel as a coherent assignment of electric charge
observables: When evaluated on any solutionλ ∈ Γ∞(C(Ξ)) of the equation of motionMW(λ) = 0, the























Via this identification the elements in the image of the mapΨelΞ determine the cohomology class[∗(F(λ))] ∈
H
dim(M)−2
dR (M, g) that, via Gauss’ law, is the electric charge. As in the previous case, the image of the map
(6.7) lies in the center of the algebraA(Ξ), meaning that electric charge observables in the quantum theory
are not subject to Heisenberg’s uncertainty relation and cabe measured without quantum fluctuations.
7 The charge-zero functor and the locality property





for any objectΞ in U(1)−PrBuGlobHyp. While magnetic charge observables are cer-
tainly very welcome in our framework since they can measure the topology of the principal bundle, electric
charges play a different role. By construction, the covariant functorA : U(1)−PrBuGlobHyp → ∗Alg mo-
dels quantized principalU(1)-connections without the presence of any charged fields. As aconsequence,
all electric charge measurements should yield zero. We are going to implement this physical feature into
our framework by performing a different quotient in the presymplectic vector spaces(E , τ) of Proposition
3.4. This extends [SDH12, Remark 4.17] to our principal bundle setting and leads to one possible solu-
tion of the locality problem2. It is then rather straightforward to show that there is a covariant functor
2 We are grateful to Jochen Zahn for communicating to us an altern ive strategy for solving the locality problem.
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PhSp0 : U(1)−PrBuGlobHyp → PreSymp, the charge-zero phase space functor, which associates these
presymplectic vector spaces to objects inU(1)−PrBuGlobHyp. Interestingly, the functorPhSp0 satis-
fies, in addition to the classical causality property and theclassical time-slice axiom, the locality property
stating that for any morphismf in U(1)−PrBuGlobHyp the morphismPhSp0(f) in PreSymp is injec-
tive. Due to Remark5.6this is not the case for the functorPhSp constructed in Section5. Composing the
charge-zero phase space functor with theCCR-functor we obtain a covariant functorA0 that satisfies all ax-
ioms of locally covariant quantum field theory, i.e. the quant m causality property, the quantum time-slice
axiom and injectivity ofA0(f) for any morphismf in U(1)−PrBuGlobHyp.
An interesting problem would be to understand if our physically well-motivated, however slightly
ad hoc, procedure of identifying the electric charges with zero can be explained within the formalism
developed by Fewster [Few13].3 The basic idea of this paper is to identify the group of automorphisms of
a quantum field theory functor with the ‘global gauge group’ of the theory. This group then can be used to
characterize the invariant subalgebras inA(Ξ), which should be the true observables of the theory. Applied
to our setting, this idea might provide a possibility to interpr t the charge-zero algebrasA0(Ξ) as arising
from those subalgebras ofA(Ξ) which are invariant under the automorphism group. However,concrete
statements on this relation require a computation of the automorphism group of the functorA, which is
rather technical and beyond the scope of this article. We hopt come back to this issue in a future work.
LetΞ =
(
(M, o, g, t), (P, r)
)
be an object inU(1)−PrBuGlobHyp andE inv the vector space character-










as a vector subspace as well as the electric charge observables of Theorem6.3. Hence, by considering the





we implement the equation of motion and identify all electric
charges with zero.
Lemma 7.1. LetΞ be an object inU(1)−PrBuGlobHyp andh any bi-invariant pseudo-Riemannian metric
onU(1).





can be equipped with the presymplectic structure














In other words,(E0, τ0) is a presymplectic vector space.
b) The radicalN 0 of (E0, τ0) is
N 0 =
[{
ϕ ∈ E inv : ϕV = 0
}]
. (7.2)
Proof. This is a direct consequence of Theorem4.6.
Similar to Theorem5.5we obtain that the association of these presymplectic vector spaces is functorial.
Theorem 7.2. Leth be a bi-invariant pseudo-Riemannian metric onU(1). Then there exists a covariant
functorPhSp0 : U(1)−PrBuGlobHyp → PreSymp. It associates to any objectΞ the presymplectic vector
spacePhSp0(Ξ) = (E0, τ0) which has been constructed in Lemma7.1. To a morphismf : Ξ1 → Ξ2 the
functor associates the morphism inPreSymp given by
PhSp0(f) : PhSp0(Ξ1) → PhSp
0(Ξ2) , [ϕ] 7→ [f∗(ϕ)] , (7.3)
where the linear mapf∗ is given in Definition5.4.
Proof. The proof follows by similar arguments as in the proof of Theorem5.5.
By slightly modifying the proofs of Theorem5.7and Theorem5.8it is easy to show that the covariant
functor PhSp0 : U(1)−PrBuGlobHyp → PreSymp satisfies the classical causality property and the
classical time-slice axiom. In addition, we have have the following
3 We are grateful to the anonymous referee for pointing this out to s.
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Theorem 7.3. The covariant functorPhSp0 : U(1)−PrBuGlobHyp → PreSymp satisfies the locality
property:
Letf : Ξ1 → Ξ2 be any morphism inU(1)−PrBuGlobHyp, thenPhSp
0(f) is injective.
Proof. Notice first that any element[ϕ] ∈ PhSp0(Ξ1) that satisfies[f∗(ϕ)] = 0 is necessarily contained
in the radicalN 01 ⊆ PhSp
0(Ξ1). Let us now assume that[ϕ] ∈ N 01 is such that[f∗(ϕ)] = 0. By
Lemma7.1 b) there exists a representativeϕ ∈ Γ∞0 (C(Ξ1)
†) of [ϕ] that is of the formϕ = a11 with
a ∈ C∞0 (M1). The push-forward alongf of this representative is thenf∗(a11) = f∗(a)12, where
f
∗
(a) ∈ C∞0 (M2) is the push-forward alongf : M1 → M2. Since by hypothesis[f∗(ϕ)] = 0, the
representativef
∗
(a)12 is equivalent to an element inTriv2, i.e. for someη ∈ Ω20,d(M2, g




vol2 b = 0, we havef∗(a)12 = b12 + F2
∗(η). Comparing the linear parts of
both sides of the equality we obtainδ2η = 0, i.e. η ∈ Ω20,d(M2, g
∗) is both closed and coclosed. As a
consequence,2 (2)(η) = 0, which due to normal hyperbolicity implies thatη = 0. We findf∗(a) = b






vol1 a. Thus,[ϕ] = [a11] = 0 sincea11 ∈ Triv1.
Let us denote byPreSympinj the subcategory ofPreSymp where all morphisms are injective. We
have shown above the existence of the covariant functorPhSp0 : U(1)−PrBuGlobHyp → PreSympinj.
Since theCCR-functor restricts to a covariant functorCCR : PreSympinj → ∗Alginj, where we have used
the obvious notation for the subcategory of∗Alg with injective morphisms, we obtain by composition a
covariant functorA0 : U(1)−PrBuGlobHyp → ∗Alginj. The classical causality property and the classical
time-slice axiom extend via theCCR-functor to the quantum case, see e.g. [BDS12, Theorem 6.3]. The
main result of this section can be summarized as follows:
Theorem 7.4. The covariant functorA0 := CCR ◦PhSp0 : U(1)−PrBuGlobHyp → ∗Alginj is a locally
covariant quantum field theory, i.e.A0 satisfies the quantum causality property, the quantum time-slic
axiom and the locality property.
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